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This paper deals with theoretical treatments for the deformation mechanism of liquid crystal rods by light
scattering under H, polarization condition, when the rods oriented by a shear flow are acted on by a
rectangular electric pulse along the direction of the velocity gradient of flow. As in one example, the
calculations were carried out to check whether the complicated orientational behaviour of superstructures
such as rods and/or spherulites cause significant effect on the profile of H, light scattering patterns. In the
present system, the orientation distribution function of rods was obtained as the solution of the rotational
diffusion equation for rotational ellipsoidal particles. In actual calculations for light scattering patterns, the
orientational fluctuation with respect to the rod axis is considered to explain the circular type pattern under
no external excitation which has been reported in previous experiments. When the orientation functions
provide curves showing two peaks by the proper choice of parameters concerning electric field strength and
velocity gradient, the corresponding H, light scattering pattern showed four small dull lobes in the vertical
direction indicating the preferential orientation of rods with respect to the shear flow direction in addition to
the four sharp large lobes in the horizontal direction indicating the preferential orientation of rods with
respect to the electric field direction. This indicates that the H, light scattering pattern influences the two
kinds of orientation of rods. Copyright © 1996 Elsevier Science Ltd.
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INTRODUCTION contribution to the density fluctuation. The typical light
scattering from the heterogeneous system has been
developed and is one of the most convenient and
effective methods for studying the morphology because
of the very short irradiation time of incident beam to a
specimen usually less than 1s!. Even so, however, light
scattering patterns contain a more complicated factor
concerning optical anisotropy in comparison with small
angle X-ray scattering depending on only the electron
density fluctuation. This indicates that the Fourier
transfer of scattered intensity to obtain information on
heterogeneous substances in a real space is meaningless.

Accordingly, theoretical calculations have been car-
ried out to give the best fit between numerical and
experimental results by selecting suitable values of the
parameters associated with orientational fluctuation of
optical axes and optical anisotropy. This method has
played an important role in analysing the morphology of
*To whom correspondence should be addressed oriented and unoriented heterogeneous systems. The

Small angle light scattering under polarization condition
has been developed to study morphology of hetero-
geneous superstructures. The scattering patterns which
have been most frequently found in the crystalline and
liquid crystalline polzfmers are those from spherulitic!
and rod-like textures”. The origin of the scattering has
been shown to be mainly described by the analysis for H,
and V., polarization conditions in terms of optically
anisotropic spheres, or rods, since the patterns from both
the superstructures are quite different to each other. The
H, scattering depends upon anisotropy of structures,
while V, scattering also depends upon density fluctua-
tion, i.e. polarizabilities of the heterogeneous texture and
of the surrounding medium. The V, pattern is less
distinct in comparison with the H, pattern, reflecting the
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theories for oriented polymer films by elongation have
been formulated by using simple orientation distribution
such as affine fashion®’. For lyotropic liquid crystals, the
orientation distribution of heterogeneous rods has been
given as a function of time and applied electric field®,
since birefringent phase sometimes show rodlike and/or
spherulitical textures under optical micrographs
(crossed-polarized) and H, polarization condition® 4.

The theory of the liquid crystal system was based on
electro-optical properties of rigid molecules such as
polypeptides which can form liquid crystals in concen-
trated solutions as the molecular assembly. The investi-
gation was developed in accordance with the concept
that the electric anisotropy of a rigid molecule in a dilute
solution causes the interaction energy of the molecule
with the applied field to depend upon the anogle between
the molecular axis and the applied field">'®. O’konski
et al. studied electrical and optical parameters from the
saturation of the electric birefringence in a solution'®.
The saturation behaviour was computed for various
ratios of permanent to induced moment contributions to
the birefringence. The electrical parameters and the
optical anisotropy factor of the molecules were sepa-
rately determined by fitting the experimental birefrin-
gence saturation results to a theoretical curve. Since then,
this treatment was extended to a disc-shaped particle by
Shah!"'® and to the more general molecular model by
Holcomb and Tinoco'. As a further development based
on the above concept, the orientation distribution
function of macromolecule clusters was derived by the
diffusion equation by Benoit®® and Matsumoto et al.?!,
in which the molecular axes are assumed to orient
parallel to the molecular cluster axis (rod axis). By using
this method, the time-dependence of the light scattering
pattern was analysed when a rectangular pulse and a
reversing pulse were applied to the nematic liquid
crystalline solution by Matsuo er al.??.

This paper is focused on the further theoretical
analysis of scattered intensity from anisotropic liquid
crystal rods with complicated orientational behaviour,
since rodlike structures as an aggregation of rigid
polymer chains were observed in the birefringent phase
under optical micrograzphs (crossed-polarized) and H,
polarization condition'*'*. As an example, the calcula-
tions were also carried out for time-dependence of the
change in light scattering patterns when a rectangular
pulse of an electric field strength was applied to nematic
liquid crystal rods which had been oriented in the steady
state flow direction perpendicular to the electric field.
This system is much more complicated than the previous
one with a random orientation of rods before the applied
electric field. The rotational diffusion equation for
rotational ellipsoidal particles in solution was approxi-
mately solved by one of the co-authors, Matsumotozz,
when the solute particles oriented by a shear flow were
acted on by a rectangular and reversing electric pulse
along the direction of the velocity gradient of flow. The
angular distribution was obtained up to the fourth order
for an electric field and/or hydrodynamic field and was
applied to electric birefringence and extinction angle. As
a further complicated application, H, scattering patterns
were calculated by assuming that the angular distribu-
tion obtained by the rotational diffusion equation is
equal to that of the rod axis.

As discussed before, Fourier transfer of scattered
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intensity from heterogeneous substances is meaningless,
since the scattered intensity depends on the complex
relationship between an effective induced dipole moment
of the scattering element depending upon the rotation of
substances and phase retardation. Thus, any effective
information from scattered intensity cannot be deduced
without the comparison between observed pattern and
the theoretical one calculated by using a proper model.
The numerical results will probably offer useful informa-
tion for the analysis of complicated orientation of rods
exhibiting patterns with eight lobes?>**. Accordingly, the
theoretical analysis for complicated systems, such as the
simultaneously flow and electric orientation of rods, is of
interest in understanding the application limit of the
polarized light scattering technique to investigate com-
plicated heterogeneous polymeric systems.

RESULTS AND DISCUSSION

It is well-known that molecules in liquid crystals orient
parallel in the preferred direction®. This is usually one of
the characteristics of liquid crystals in the case that the
distance between two plate surfaces of the cell is thin and
the concentration of solution is high®>. The two factors
depend on the types of chemical structure. According to
our experimental results, however, it was confirmed that
in addition to low molecular liquid crystals such as
aqueous sodium dibutyl phosphate®, the preferential
orientation of rigid polymer chains can also be avoided
by selecting two factors, concentration of solutions and
thickness of a cell. Namely, the orientation of liquid
crystal molecules in the preferred direction without
applied external excitation could be avoided for poly(~-
bengyl-L-glutamate) (PBLG) in a chloroform system, the
concentration being 11vol% and the thickness being
200 pm. Thus, the following calculation will be carried
out for the above system.

Figure 1 shows the schematic diagram which is
necessary to calculate H, scattered intensity from the
rod of length L and infinitesimally thin diameter. The
incident beam whose propagation direction is denoted by
a unit vector sy is detected as a function of 6, the

Xi

Figure 1 Schematic diagram showing the coordinate system of light
scattering from the three-dimensional assembly of anisotropic rod
under laminar flow and electric field



scattering angle, and u, the azimuthal angle taken from
the vertical direction OX; corresponding to an electric
field direction. Before applying an electric field, the rod is
oriented in the X direction by the shear flow having a
velocity vector u. Angles « and € are the polar and
azimuthal angles of the rod with respect to Cartesian
coordinate O-X;X,X; and angle 7 specifies the rotation
angle of the rod around the vector r along the rod axis.

According to the Rayleigh—Gans theory25 , the ampli-
tude A of the scattering from the rod may be given by
L/2

(M- O) exp{k(r-s)}dr (1)

A= cj
)

where C is a constant, and s is the scattering vector
defined by sy —s', and k is given by 27/), where X is the
wavelength of light in the medium. The vector M is the
dipole moment of the scattering element at r from the
centre of the rod. The vector O is a unit vector along the
polarization direction of the analyser set in between the
specimen and the detector registering the scattering.

When an electric field is applied to the solution with
steady-state flow, the scattered intensity 7 from a rod at
time ¢ may be given by

21 27w
CJ J J F(a, Q,1)4A4" sinadadQdy
I 0 Jo Jo (2)

2r (2m ¢m
J J J F(a, Q, t)sin adadQdy
o Jo Jo

where F(a, €, 1) is an orientation distribution function
of a rod. In the absence of an electric field, F(a, 2, 1)
depends on the orientation of the rod immersed in a
shear flow and is independent of z. A* denotes a complex
conjugate of A.

As shown in Figure 1, the orientation of optical axes
with respect to the rod axis is dependent upon the
position within a rod. This concept is introduced to
explain a circular type pattern of H, scattering from the
PBLG-chloroform system under no external excitation.
If the orientation of the optical axis of the scattering
element w fluctuates with r from their average value w, w
is a function of r similar to w(r) = wy + A(r), where A(r)
is the local fluctuation of w. In this viewpoint, the angles
wy at r; and w, at r, may be given by w; = wy + A; and
wy =wy+ Ay, respectively. When the difference
between orientation fluctuation A at r; and A, at r, is
given by the quantity A, and defined by A, =
A, — Ay = wy — wy, the angle characterizing the relative
orientation of the optical axes of two scattering elements
is separated by the distance, rj, = r; — r,. The quality
Aj; has been related to the correlation function f(ry,)
where

Sf(ria) = (cos 2A13),y (3)

The correlation function which, in general, decreases
asymptotically from unity to zero with increasing
distance |r,| from zero, is assumed to be given by the
empirical function

S(r12) = exp(=|ryz|/c) (4)

where c is the correlation distance. This method was first
proposed in connection with the problem of an
undeformed spherulite by Stein and Chu®®. The para-
meter is expected to be related for a particular model of
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the fluctuating system, as discussed by Stein and Chu for
the undeformed spherulite?®. Obviously, the equation
interrelating this parameter derived by Stein and Chu,
can be used for the orientation fluctuation in a rod. This
method was first employed by Hashimoto e a/.?® and the
same procedure was used in the previous papers'' . In
these studies, (cos 2A,),, and (c052 2A)),y are given by

(003 280 = s lfe =1+ exp(=L/o) (9
2 o1
{cos™2A),, = 3 16(L/c)2

x [l —4(L/c) —exp(—4L/c)] (6)

Equation (4) reduces to zero as ¢ approaches zero and
to unity as ¢ becomes large. On the other hand, equation
(6) approaches 1/2 as ¢ approaches zero, corresponding
to completely random fluctuation. The quality
approaches unity as ¢ becomes large, corresponding to
the absence of internal disorder. Incidentally, the effect
of the orientational fluctuation must be introduced to the
experimental results that the H, pattern shows circular-
type in the absence of the external applied field"*.

Based on the above concept, equation (2) can be
rewritten as

Iy, =C r” j jL Flo, Q,0)(L - rp)(0),

0 JoJo

X cos Bri, sin adrj,da dQ)

2n pw
+J J Fla, Q, t)sinadadQ (7)
o Jo
where
B=d4n/)\ sing {singsinacosQ - cosg}
L 0
x sin g sin asin © — C0S 5 CO8 /4 COS ¢ (8)
and
(0), = ${0, sin® a.cos® asin® Q + 405 (cos® acos®
+ sin? Q) + Q5 sin” acos? 2} 9

(Q), means the average by integrating over angles, 7, and
Q; (i = 1-3) in equation (9) may be given in the forms

01 = {4(2c0s? 2wy — 1)(2(cos? 2A, ),y — 1)

+3 ((c0s? 2 )4y €08 2wy + (sin? 24 ),y sin® 2uyp)

+ 308 2w (co8 24 ) oy }f (r12)

+3cos’ wp(cos 24 )y +3 (10)
0r = —1{(2{cos* 24} )4y — 1)(2c0s? 2wy — 1)
— 1} (r) (1)

03 = L[{(2(cos’ 24,y — 1)(2cos? 2wy — 1)
—2c¢os 2<4;()(cos2 Ay + 13 (r12)
— 208 2wy {cos 2A ) ay + 2] (12)

The function F(a, €2, 1) was determined to satisfy the
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condition where a rectangular phase of an electric field
strength is applied to nematic liquid crystalline rods
which had been oriented in a shear flow direction
perpendicular to an applied electric field. The function

F(a, , t) has been determined to represent orientation
of rrgld macromolecular chains by one of the co-authors,
Matsumoto®*. Here, if we assume that the assembly of
the rigid chams form a liquid crystal rod, the optical axes
are, on average, parallel to the rod axis. Hence the
average value wy in equations (10)—(12) can be fixed to be
zero. This assumption is rigorous on the viewpoints of
the profile of the H, pattern and characteristics of
nematic liquid crystals'3. The function F{«, §, t) of the
rod must be satisfied by the same diffusion equation
given in a previous paper®.

oF
ot

In equation (13), F is an abbreviation of F(q, §, 1)
which is the angular distribution function of an axially
symmetric particle with a rotational diffusion coefficient
© given by kT /£, where k is the Boltzmann constant, T is
the absolute temperature, and ¢ is the rotational
frictional coefficient. w is a velocity angular vector
under the action of an external field. Of course, it is a
question to employ the simple rotational diffusion
equation which is not evident in nematics where the
complicated elastic and viscous properties have to be
taken into account. However, at present, the introduc-
tion of viscoelastic properties into a diffusion equation is
extremely difficult in estimating the change in H, pattern
from liquid crystalline rods immersed in shear flow under
the action of an electric rectangular pulse. Thus,
equation (13) was employed as a crude approximation
to represent the 0r1entat1onal behavrour of rods.

According to Demetriades®, the angular velocity w is
expressed as the sum of the angular velocity wy, caused
by a hydrodynamic force, and the angular velocity wg,
caused by an electric force, if the inertia term in the
equat1on of motion is negligible. As discussed by
Jeffery®', the angular velocity wy is classified into two
components

=0 2 F — div(Fuw) (13)

WHe = 3 GRsin2asin 29
whg = 5G(1 + Rcos2Q) (14)

where G is the velocity gradrent of flow and R is given by
(P2 — 1)/(P* + 1), where P is the axial ratio.

On the other hand, the angular velocity wg is also
classified into two components

1
WEa = g {W/EcosacosQ

+ (ge1 — Ze2) E? sin avcos a cos® 2}

1 sin (2 .
WEQ = — E {,UIIE sina + (gel has gez)Ez SanCOSQ} (15)
where 4/ is the apparent permanent dipole moment in
solution and g.; and g., are the electric polarizabilities
along the symmetry and transverse axes, respectively. E
is the electric field strength.

Returning to Figure 1, the solution containing
ellipsoidal particles is flowing in the X, direction and
the velocity u is expressed as u = (0, G, 0), where G
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means a constant velocity gradient. When a constant
electric field E is suddenly applied to the X; direction, E
is expressed as E = (0, 0, E). Setting the angles « and Q
within Cartesian coordinate O-X,X,X;, equation (13)
can be formulated as

10F 0 [, _ .0F I _&F
© a9  ou o 1o

+bE{2uF (1—u )(31;}

+2aE2{(3u2 —)F —u(l —u )ZZ}

+6{Lﬂ{vl—u2§£cos§2

2 Ou

u oF
+TuzstaQ}

+ Rﬂ{wF (- uz)g—i}cos Q] (16)

where

G K 8ol — 8e2

5 b 7 ¢ T u=cosa (17)

Here it should be noted that the angular distribution

function can be expanded into the function series made

by the product between power series § and £ and a
spherical harmonic as

Fla, Q, 1) ZZZZK,’ZE’W’P}"(@ cos m2

(18)

where P"(u) is the associated Legendre function of the
Ith order and mth degree. After substituting equation
(18) into equation (16), we can obtain recurrence
relations of K, by setting each coefficient of the
powers of 6 and F as equal to zero, using the property
of the orthogonal function. Furthermore, the coefficients
K,? in the build-up process could be calculated by the
recurrence relation on the basis of the initial condition in
which the solute particles have been arranged under the
stationary shear flow before applying an electric field.
Actually the coefficients up to the fourth order with
respect to 6 and E could be determined using the
computer software REDUCE. Thus, the final result for
the orientation distribution function F(a, 2, t) may be
given by

F = KQ P} + 6K
+ 8 [(K% P3 + Kag P3) + (
+ (RSP + KPP +

P; cos (2

K33 P} + K P}) cos 20)]
Kg?Pé) cos )

+ (KS PIKE PY) cos 341
+ 54[(1(
+ (K% P} + K33 P3 + K& Pt + K23 P3) cos 29
+ (Kay P4 + K% P+ K3 PY) cos 4Q)]

+ E[KIS P} + (K1 PLK3! PY) cosQ

T PY + K& Py + K& P2 + K3 PY)



+ 8{(Ki3 P} + K30 P} + K53 P2)

+ (K3P: + KEPYHcos Q) + - -]

+ E2[K22(())Pg + 5(K2211P§ + KfllP}t) cos )

+ 6*{(K3 P} + Kig P§ + K& )

+ (KZP3 + KB P+ K& P cos20) + -]

+ E’[(Kig P + K33 PS)

+6(KN P+ K3 Py + K3 PY)cosQ + -+ ]
+E(KSPY + KPP+ )]+ (19)

where K]” are the expansion coefficients and most terms
contain Ot.

The actual calculations were performed up to the
fourth order perturbation. The coefficients K’ are
described in the A(Ppendix. Unfortunately some coeffi-
cients, Koy, K$3, Kis, K&, K&, K3}, K3!, and K could
not be determined. The terminal error contains the
serious unfavourable possibility that F(a, Q, 1), takes
the negative region against angular parts. The exact
description up to the higher order coefficients of equation
(19) is important in calculating the birefringence and the
extinction angle of an axially symmetric macromolecule
both with a permanent dipole moment and with an
induced dipole moment. The exact formulation causes a
much more significant effect on the calculated profiles of
small angle light scattering patterns, since the scattered
intensity distribution is given by integrating complicated
term F(a, §, 1)(Q), cos Bry, in equation (7) over a three-
dimensional space. To check this problem, numerical
calculations of F(q, 2, t) were carried out by changing
the values of given parameters.

Due to wy = 0, we can employ the same values of b and
a in equation (17) which has been measured for poly(y-
benzyl-L-benzyl-L-glutamate) in chloroform, the concen-
tration being about 11vol%!*. The values b and a in
equation (17) were chosen to be 2.27 x 1072 and
5.66 x 10-6, respectively. To justify the values, we shall
briefly refer to the experimental procedure. These values
were determined as two parameters [(=bE) and
~(= aE?) in a molecular orientation distribution func-
tion, according to the theory of the steady-state electric
birefringence. In doing so, the second order orientation
factor ®(3, ) was determined as An/n,, based on the E-
dependence of birefringence An, in which s is the
steady-state birefringence at infinite field strength. On
the other hand, the factor @(2[3, v) at various field
strengths with units of VZcm™ was obtained as the
second order moments of the molecular orientation
function proposed by Holcomb and Tinoco'®. By using
the same method proposed by O’konski er al.'®, the
theoretical result could be fitted to the experimental one
by the proper choice of the relation between 3 and ~y (see
Figures 7 and 8 in ref. 13) and consequently, as discussed
above, the coefficients b = (ﬂ!E) and a = (y/E?) could
be determined as 2.27 x 107° and 5.16 x 10_6, respec-
tively, in which the units of g and + are determined
experimentally as Vem ™! and V2 cm ™2, respectively. The
coefficients b and a become zero dimensional order, if E
is given by Vem™! as discussed in the previous paper .

Figure 2 shows the orientation distribution function
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(F(a, t))q under a shear flow in the absence of applied
electric field (FE = 0Vem™') and the corresponding H,
scattering patterns. The bracket ( ) means the numerical
integration of equation (19) over the angle 2. The
parameter 6 in equation (16) indicates the strength of
shear flow. At § = 0, indicating the absence of a shear
flow, the rods show a random orientation, while at 6 = 4,
the function shows a maximum density at a = 90°,
indicating the preferential orientation of rods with
respect to the X, axis by a shear flow.

The patterns show X-type at 6 =0, indicating an
almost random orientation of rods and the lobes become
duller with increasing L/c, i.e., with increasing orienta-
tional disorder of the optical axes with respect to the rod
axis. Hence, the scattered intensity exhibits an X-type
pattern showing a clear u-dependence when the optical
axes are oriented perfectly with respect to the rod axis.
By contrast, when the rods (the optical axes being
oriented with large orientational fluctuation with respect
to the rod axis), are oriented randomly, the scattered
intensity tends to be independent of p, so that the
scattering pattern becomes circular'®. The lobes are
extended in the meridional direction at é = 4, indicating
the preferential orientation of rods with respect to the X,
axis by the shear flow.

Figure 3 shows the orientation function (F(a, t))q of
rods when the electric field is applied to the X; axis. The
numerical calculations at § = 0.0001 and ©r =2 were

E=0, ®t=0
|
—_ =4
L S=0
0 l | 1\
0° 45° 90° 135° 180°
a

(a) 3=0

(b) =4

Figure 2 Orientational distribution function of (F(a, t))g at § =0
and 4 in the absence of an electric field and the corresponding H,, light
scattering patterns
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carried out for three kinds of expansions of (F(a, 1))q
in a series of E [see equation (19)]; (i) the bracket [ ] of E*
(the third order) and that of E* (the fourth order) terms
are zero, (ii) the bracket of E* term is not zero but that of

is zero, and (iii) the brackets of E* and E* terms are
not zero. At E = 50 Vem™, all the functions (F(a, 1))q
calculated by the three cases exhibit similar profile and
take positive values over the whole angle of a. At
E =100V cm ™', the function of (F(a, t))q takes positive
value over the whole angle of « in case (i), while the
functions calculated by cases (i) and (iii) tend to be
negative as « becomes wider. The function calculated by
using case (i) tends to increase gradually at « > 90°,
which is different from the tendency at E = 50 Vem™'.
Judging from the profiles at £ = 50 Vem™', this small
duller increase is probably attributed to a periodic noise

S (a) E=50
N\ E3=0, E4=0 |
! N\, E30, E*=0
\ ——— E3%0, E4%0
N
N
0.5|- E
Ny

Fla)

(c) E=I50

-2 1 | 1
o° 45° 90° 135° 180°

Figure 3 Orientational distribution function of (F(a, t))q at 6=
0.0001 and ©r == 2 at electric fields of £ = 50, 100 and 150 Vem™,
calculated by three cases; (i) E> = 0O and E* = 0, (ii) E Y=0and E* #0,
and (iii) E> # 0 and E* #0
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leading to terminal error of a series of expansion of the
function. Similar periodic noise was also observed for
case (iii). On the other hand, the function calculated by
using case (ii) shows a rather simple decreasing curve
similar to the profiles of the curves calculated at
E=50Vem™!, although it takes negative values at
a > 140°. At E=150Vem™!, all the functions calcu-
lated by the three cases show considerable periodic noise
having negative part. As described before the increase in
periodic noise is attributed to the terminal error due to
the difficulty in determining the fourth moment coeffi-
cients. Judging from the curve profiles, the following
calculations were carried out using case (ii) at
E =100Vem™, since the change in H, light scattering
patterns calculated at lower electric field strength such as
E=50Vem™' is not so effective to the change in
parameters 6 and Or.

To support the justification of numerical calculations
by case (ii), based on another background, the numerical
calculations of transient electric birefringence were
carried out for three cases (i), (ii), and (iii), using a
matrix with nine components, as

2 2 2
hypy Hpp np3

”%2 ”%3 (20)

2 2 2
h3 A3y N33

”:"%1

Accordingly, the birefringence A is given by**

[C) e il e

where n corresponds to (ny; + n33)/2 and the compo-
nents n33, Hy;, and ny; are represented by using the
angular distribution function F(a, Q, ) as

1
Afﬂ

’1%3 = ng + 47TCv{ge2 + (gel - geZ)

27
xJ J cos’ a F(a, Q, 1) sinadadQ} (22)
0o Jo

n%l = n(z) + 47er{ge2 + (gel - geZ)

r”r .2 l+cos2Q
X smoe————
0 Jo 2

x Fla, Q, t)sinada dQ} (23)
and

21 ¢
n%l = 477Cv(gel - gez) JO .[0 cos o sin a

x F(a, Q, t)cos QsinadadQ (24)

where C, is the volume concentration. In actual
calculation, it may be assumed that the molecular
chains are perfectly oriented parallel to the rod axis.

To check the increasing behaviour of A with ©¢, the
birefringence A is normalized as

A—Apy
At = DBpo
where Ag_, is the initial birefringence at £ =0 and
A, is the birefringence at the steady-state after

applying the electric field. The terms —Ag_, in a
numerator and a denominator of equation (25) are

Y(r)= (25)

t—0C



sk —— E®+0, E**0 |

N NI E®+0, E*+O

Y(t)

Figure 4 Normalized electric birefringence Y (¢) against v, calculated
by cases (ii) and (iii) at the indicated value of E

introduced to eliminate birefringence by a shear flow
effect. Therefore, it is evident that the value of normal-
ized birefringence, Y (¢}, increases monotonically with
increasing ©f and becomes unity at ©7 — oo.

Figure 4 shows the results calculated as a function of E
in cases (ii) and (iii). At a fixed value of O, the value
calculated by case (ii) was confirmed to be slightly larger
with increasing E. The difference, however, is very small
and all the calculated values are almost independent of
E. Thus the behaviour is represented as a thin solid
curve. This tendency is obviously rigorous, since Y (¢} at
each value of E is independent of a shear flow effect.

In contrast, the dotted curves calculated by using case
(iii)) show different profiles except the curves at
E =50Vem~!. All curves show increasing behaviour
at earlier time scale and they tend to decrease beyond
their maximum value. Among them, the curves at
E =180 and 200 Vem ™! show negative value and tend
to increase again. Anyway, the behaviour showing
overshoot is in contradiction to the monotonical rise
birefringence, since a shear flow effect is eliminated in
equation (25). Thus the monotonical rise curves support
the calculation of H, patterns by using case (ii) at
E=100Vem™. Incidentally, the good agreement
between cases (ii) and (iii) at £ = 50 Vem ™' is probably
thought to be due to the fact that the terminal error of
the coefficients associated with E> and E* does not
provide any serious effect on the orientation distribution
function F(a, 9, ¢).

Figure 5 shows the orientation function of (F(a, 1))q
in an instantaneous state (©¢ = 0) of an applied electric
field of 100Vem™' at § =4 and the corresponding H,
patterns given as a function of L/c. The orientation
function has two maximum peaks at o = 0° (180°) and
90°. The higher peak at o = 0° (180°) is related to the
applied electric field and lower peak at o = 90°,
indicating the shear flow as observed in Figure 2. The
lobes showing clear u-dependence in the H,, pattern are
extended in the horizontal direction at wider scattering
angle, reflecting the large peak of (F(a, #))q at a = 0°.
Close observation reveals that in addition to the four
lobes discussed above, there exist another small four
lobes at L/c = 0.01 extended in the vertical direction
reflecting the small peak of (F(a, t))q at a = 90°. The
appearance of the small lobes becomes clearer with
increasing L/c and at L/c = 1, the small four lobes are
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E=100, ®t=0, 8=4

o 1 | |

0° 45° 90° 135°

180°

Figure 5 Orientational distribution function of (F(a, t))q at § =4
and ©¢ = 0 in the absence of an electric field and the corresponding H,
light scattering patterns at L/c = 0.01 and 1

amalgamated into two lobes along the vertical direction.
Incidentally, the patterns with eight lobes have already
been observed for H, scattering from drawn nylon 6
films. However, we have had no idea of how to pursue
mathematical analysis because of the difficulty in
obtaining a suitable orientation distribution function to
represent complicated orientation behaviour of rods with
the nylon 6 under uniaxial stretching”?*. Judging from
the two patterns in Figure 5, it is found that even in
uniaxial elongation, the orientation behaviour of rods
with the drawn nylon 6 film deviates from the uniaxial
mode.

Figure 6 shows H, scattering patterns at L/c = 0.01
and 1 with increasing ©t, when the parameters E and §
are fixed to be 100 and 0.0001, respectively. The lobes are
extended in the vertical direction in the absence of
applied field, because of the steady-state flow in the X,
direction in Figure 1. With increasing time, the lobes are
extended in the horizontal direction, reflecting the
applied electric field in the X5 direction. The function
to calculate the H, patterns at @z = 2 corresponds to the
dotted curve by case (ii) in Figure 3. Fortunately, the
small negative part of the function at a > 140° shown in
Figure 3b did not influence unfavourable effects on the
calculated patterns.

Here it should be noted that the H, patterns show
normal profile which has been calculated by using
the function with the symmetrical relationship
(F(a, 1))q = (F(7 — a, 1))q, although the function used
for the calculation of H, patterns does not satisfy the
above relationship but only satisfies the relationship
(F(a, t))q = (F(27 — a, t))q. Such an abnormal pheno-
menon is due to the fact that equation (19) means the
orientation function of one end (head) of the rod and
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E=100,
L/C=00lI

3=0.000I

(a) ®t=0 (b) ®t=|

Figure 6 Change of H, light scattering patterns with increasing ©¢, calculated at 6 = 0.0001 and £ = 100 Vem™

inevitably the function becomes lowest at = 180°, while
the calculated patterns cannot recognize both ends (head
and tail) of a rod, consistent with the results observed by
optical instrument. This indicates that in the calculation
process of H, light scattering patterns, the terms
containing P;*(x)(/: odd) become zero by integrating
over a three-dimensional space and the calculated
patterns show rigorous profile in good agreement with
those observed. Thus, it is unnecessary to consider
the symmetry of the orientation function obtained as a
series expansion of polar and azimuthal angles on
calculating light scattering patterns under polarization
condition.

To study the advantage of polarized light scattering in
estimating orientational behaviour of rods and of optical
axes in comparison with other optical quantities, the
second and fourth order orientation factors have been
proposed®>34. That is, if molecular chains are oriented
parallel to the rod axis without the orientational
fluctuation, the orientation factors of molecular chains
for the present system can be defined by

F,,, = (P'(cos o) cos m)) = szr wa(a, Q, 1) P (cos @)
o Jo

x cos mSdsin avda dQ (26)

where / and m are integers and f(a, §2, 1) is the
normalized function of F(a, 2, ) given by
Fla, Q, ¢

flo o= Flel (27)
J J F(a, Q, t)sinadadQ

o Jo
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(c) B1t=2 (d) ®t=5

The electric birefringence given in equation (21) contains
the information of the second-order orientation factors,
Fyy, F5;, and F,,. Generally, for industrial materials such
as calender films and inflation films taking biaxial
orientation, the orientation factors, F5, and F,, can
be evaluated by birefringence and dye dichroism
measurements*®® and Fy, Fyy, and Fyy can be evaluated
by fluorescence polarization dichroism*. Of course, for
crystalline polymer, the higher order factors F, (/: even
and m: even) beyond 6 can be estimated from crystal
orientation distribution function obtained by X-ray
diffraction®. However, the factors Fj,, (/1 even and
m: odd or even) become zero because of orthogonal
biaxial symmetry of the orientation distribution
function for most of the industrial products such as

f(£cosa, £0) = f(Fcosa, m+ Q).

Figure 7 shows change in the orientation factor Fy,
with increasing ©¢ and Figure 8 shows all the factors up
to the fourth order except F>;. The calculations were
carried out at §=0.0001 and E=100Vem™'. Fy
characterizes the orientation distribution of molecular
chains with variation between —1/2 and 1. For random
orientation, F, is zero, while for complete orientation
parallel and perpendicular to the X3 axis in Figure 1, Fyq
are 1 and —1/2, respectively. Before applying the
rectangular electric pulse, F,, takes negative values
indicating the preferential orientation perpendicular to
the X; axis because of the influence of shear flow, but
tends to increase indicating the preferential orientation
to the X; axis by the influence of the electric field. The
value tends to level off with further increase in ©¢ beyond
3. It is seen that the other factors shown in Figure &8 are
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Figure 7 The second order orientation factor F,, against ©f,
calculated at § = 0.0001 and E = 100 Vem™
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Figure 8 The first, second, third, and fourth order orientation factors
Fy1, Fyy, Fuy, Fa1, Fyy, Fa3, and Fy using the same values of § and E used
in Figure 7

less effective for change of molecular orientation rather
than F,,. This means that electric birefringence is
strongly affected by F,, and is hardly affected by F,
and F.

Here it should be noted that the birefringence gives the
second order orientation factors, and these factors
cannot represent the detailed orientation behaviour of
molecules. Thus, nobody can infer the complicated
orientation function shown in Figure 5 from the
second-order orientation factors. Namely, it is evident
that the same values of the factors can be realized easily
from another monotonous curve. Nevertheless, the
orientation of rigid molecules under an electric field
and/or a shear flow have been estimated mainly by
birefringence measurements'> 22, For polarized light
scattering, the scattered intensity is related to the
orientation distribution functions of rods in terms of
high order moments and the profile of scattering pattern
reflects the complicated orientation of rods sensitively as
shown in the patterns in Figure 5. Accordingly, small
angle light scattering has an advantage in studying the
detailed orientation behaviour of superstructures such as
spherulitic and rod-like textures in comparison with
birefringence.

CONCLUSION

The theoretical analysis of light scattering patterns was

Behaviour of liquid crystalline rods: M. Matsuo et al.

carried out when an electric field was applied to the
liquid crystal rods immersed in shear flow in order to
study the change of pattern in complicated oriented
systems. The orientation distribution function of the rod
axis was assured to be equal to the rotational diffusion
equation for rotational ellipsoidal particles in solution.
The equation was approximately solved when the solute
particles oriented by a shear flow were acted on by a
rectangular electric pulse along the direction of the
velocity gradient of flow. In actual calculation of H,
scattering patterns, the orientation of optical axes with
respect to the rod axis was assumed to be dependent
upon the position within a rod.

The H, patterns exhibited scattering lobes extended in
the meridional direction indicating the preferential
orientation in the shear flow direction in the absence of
applied electric field. When a rectangular pulse was
applied to the direction perpendicular to the shear flow
the scattering pattern at the initial stage showed eight
lobes, in which the four lobes in the horizontal direction
show clear p-dependence but the four remaining small
lobes in the vertical direction were unclear. The former
lobes were associated with the preferential orientation of
rods in the direction of an applied electric field and the
latter, in the direction of a shear flow. With increasing
time, the four scattering lobes simply tend to be extended
in the horizontal direction. This indicates that polarized
light scattering reflect the complicated orientational
behaviour of rods sensitively, in comparison with
birefringence reflecting only the second order moment
of the distribution function?2,
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APPENDIX

The coefficients in equation (19) which did not appear in
the previous paper are described as

K% = — % 4R
1
K3 = —m R
1
K‘?lB = 4n 600R2(31058 - 1)
1
ng” . 25200R2(411451R+ 1)
1
Kg% - T an 55144 R
1
K3 = o~ mea R
1
Kif = A_b H(WR +HR-3) - {5(2613150R2
+HR=+ (H R +d-Der
+1 (%R - 1)0%F} exp(—201)
— +&s R? exp(—1201))
1
K30 = bR[24 (15R + 1) (1]270R + 1)
+(ER+ )@t}exp —201)
25{120(79R 29) ( _1)61}
x exp(—1201)]
K3} = 5 bR[%(EoRH)—%{%(%RH)

(—R + 1)©r} exp ( — 201)

~ 1w (HR+1)
+ (}R+1)6r} exp (- 201)]

Ki§ = iﬂb{l —exp(—261)}
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1
kil = 4o{(3R+1) —{(3R+1)
+2(2R+ 1)Ot} exp (- 261)
Kl = 7 5bR{1 —fexp (~201) — Lexp (-~ 1267)}
1
K35 = e T bR*{1 — Zexp (- 201)
- ﬁexp (- 1201) — rexp (- 3001)}
K = e 25120bR2{1 —Zexp (—201) — {sexp(—1201)
— Lexp (—3001)}
1
K1113 — Eb[ 10100R3( @3t3+69@2[2+ ®t+2660215)

- @ R (3077 + 307 + Fh o1+ 4%)
+LR(1€F +10°F +1er+])

L(le’r +1e%* +1er+ 1) exp (- 201)
_{SL“R3(1209[ 35)
+ i R2(1101 + 331) }exp ( — 1201)

(525R3+2520R2+4XSR+ )]

K = o hR{(F +20) - R exp (- 200)
+ 3 (b* — 4a) exp(—601) — 1p* exp ( — 1261)

+ 4 3 (b - L g) exp ( — 2001) }

KE = o L [{F (R +3) +4a(3R+ 1)}
+zb{(%ﬁf+%R—U
—(FE R+ R+ 1)0t}exp (—2061)
— 2GR + B R-T) + 205 R
+3R+1) +36° (3R —
+12a(E R + 3R+ )61
~9(Q3R+1)(AR+1)(»
+E0°R{3(FR-1)

- (LR+ 1Ot} exp (- 1201)
R*(£b* — 48a) exp ( — 2001)]

LR-7)61

— 4a)©*1*} exp(—601)

2401
Ki = 1 (5" — 4a){1 = 3 (1 +461) exp(~261)
—lexp (- 601)}
K3 = — Lb{(b* + 6a) — 1 (36% + 8a) exp(—201)

+Z(b2 — 4a) exp(—601)
— L(b* — 14a) exp(—1201)}
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Kl = %b[{ﬁbzR(Zl@ztz—#%@H-%) ><exp(—2@t)+{§é—6b2R(6t—45}¢)+%bz(@t—kg)
—g5aR(0r — 1) - La(6r+1)} exp(-601)

— 72 (Lb°R — 11aR) exp(—1261)

+&b7 (707 + Bor+4) n

— §aR(367 + 01 + 3) — fa(@% - })) ~L(hPR+ 5~ fak)]
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